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The Mass-transfer Rate through the Liquid-Liquid Interface.
V. Diffusion through an Interface Considering the Variation
in the Amount of Adsorption

Teruya SHIMBASHI
Department of Chemical Engineering, Tokyo Institute of Technology, Meguro-ku, Tokyo 152
(Received November 28, 1973)

The diffusion through an interface has been re-formulated considering the variation in the amount of
adsorption on the interface in the case of linear diffusion in a finite composite medium.

In the treatment of the diffusion of a substance
through interfaces,'~% it has generally been assumed
that the flux from one phase to the interface is equal
to the flux from the interface to the other phase; this
implies that the amount of adsorption on the interface
is constant during the diffusion process.

Accordingly, if the concentration in a phase im-
mediately next to the interface, which is in an equili-
brium relation with the amount of adsorption, actually
varies during the diffusion process, the above treat-
ment may give erroneous results.

In this paper, the diffusion through an interface
will be theoretically treated by allowing the amount
of adsorption on the interface to vary reasonably
during the diffusion process in case of linear diffusion
in a finite composite medium.5

Theory
Fick’s diffusion equation is defined by:
0¢,/0t = D,(0%¢,[0x%), —a<x<0, t>0; (1)
06,/0t = Dy(0%6,/0x%), 0<x<a, t>0, @)

where ¢; and ¢, are the local concentrations of the
solute in Phases 1 and 2 respectively, where D, and
D, are the diffusion coefficients, where x is the diffusion
coordinate (the direction from Phase 1 to Phase 2 is
selected as positive), and where ¢ is the time.

The boundary conditions are represented by:

—D;(0¢,/0%) + D,(0c,/0x) = I'w(d6/dt), x=0, t>0; (3)

— D, (36,/3%) = kayoy(1—8) — kgif, x=0, £>0; )
Dy(06y0%) = Kagty(1—6) — kagd, x=0, £>0; (5)
0¢,/0x = 0, x = —a, t>0; (6)
0c,/0x = 0, x = a, t>0, (7
where I'w is the saturated value of the amount of

adsorption per unit of area of the interface, where 0
is the fraction of the total interface that is occupied
by adsorbed molecules, where £,, and £,, are the rate
constants of adsorption to the interface from Phase 1
and Phase 2 respectively, and where k;; and k;, are
the rate constants of desorption from the interface
to Phase 1 and Phase 2 respectively. Equation (3)
relates the variation in the amount of adsorption to
the fluxes, while Eqgs. (4) and (5) give the relation
between the adsorption-desorption mechanism and
the fluxes. Equations (6) and (7) give the imperme-
able wall conditions of the solute.
The initial conditions are assumed to be:

¢, = €y, —a<x<0, t =0; (8)

€y = €y, 0<x<a, t=0; 9)
9 = 0,, x=0, ¢=0, (10)
where ¢y, ¢4, and 0, are constants.

The Laplace transforms of these equations are re-
presented by:

d%e,/dx® — ¢i%¢, + (60/Dy) = 0, —a<x<0; (1
d%,/dx® — g,%c, + (60/Dy) = 0, 0<x<a; 29
—D,(d¢;/dx) + D,(dc,/dx) = ' (pf—0,), x =0; (3
_ _ ky
— D, (dey/dx) = kare; — 2—1
i
%1+ ioo . —_
x [ e = do — kafl, x = 0 @)
xy—ioo
- - koo
Dy (deyfdx) = kap6y — 7
2ni
%2 +1i00 —_ —
X[ ) 6 (0)0(p— 0)do — kqp0, x = 0; (5%
de/dx =0, x = —a; (6)
de,/dx =0, x = a, (7)

where &, ¢,, and 0 are the image functions correspond-
ing to ¢y, ¢y, and 0 respectively, where p is the con-
version parameter of the Laplace transformation,
and where ¢,=(p/D;)"/? and g,=(p/Dy)"/.

The general solution of Egs. (1) and (2') may be
represented by:

¢; = (6y/p) + Ay sinh(gyx) + By cosh(gyx);
63 = (Cyo/p) + Apsinh(gyx) + B, cosh(g,x),

(11)
(12)

where 4,, B,, 4,, and B, are the intergration con-
stants.

These four constants can be solved by virtue of the
boundary conditions of Egs. (4')—(7’). Equation
(3) is considered to define the mediate variable, 0.
If we set the non-linear terms in Egs. (4’) and (5') at
zero for the moment, we obtain a solution for the
zero perturbation; by then substituting this solution
into the non-linear terms, we obtain the solution for
the first perturbation, and so on. The solution for
the ith perturbation may be represented as:

¢,4(p) = (6ro/p) — Ay.4 coshgi(a+x)];
C,4(p) = (Cao/p) — As,s cosh[gz(a—x)];
0:(p) = (Bo/p) + I'7"[4y,19,7* sinh(g,a)
+ 4p,4957* sinh(gza) 13
41,4 = (pD)[o,¢ sinh(gsa) + Bi.¢ cosh(g:a)];
4,4 = (pD)[oz,45inh(g10) + Bs,¢ cosh(g1a)]; .

(13)
(14)

(15)
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a1 = DwDigilkar (60— p1h.0) — karfo]

+ @y karkaz(cro—p11,0) — Kazkar (60— 015.4)15
Bui = kI wkoglkay(co—p11,3) — Kaso]s
oy, = k{I" 0 D1q1[Kas (c20—pI5,1) — Fasbo]

— @ [Rarkas(cro—p1h.1) — Kaskar(c20—2p12,40)1}5
Pt = kD wkog[kas(cao—pls,0) — KasBols
D = [a, sinh(g,a) + a, cosh(g,a)] sinh(g,a)

+ [a; sinh(q,a) + a4 cosh(g,a)] cosh(g,a);

ay = Dy(I'wp+kartkas);
ay = koy(I"wDyg1+kaati™) s
ay = kkoy(I'wDygy +karga™)5
ay = kI okyarkys;
k= (Dy/Dy)'%;

1 %1 +iee _
Iy, = ?77.'—1_/. [61.4(0)]z=00,s(p—0)d o}

x1—ioo

x3—ico

1 x2+ieo -
L= gz [ @il b= o,

where the subscript ¢ designates the ith perturbation,

provided I, =1, ,=0.

1. Ca and 0,; are single-valued functions of an
arbitrary complex number of p; the inversion to the
original functions by the Inversion Theorem, like
~ the integrals of non-linear terms (f,,;, Ip,), includes
only the pole-effects, according to Cauchy’s Residue

Theorem.
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¢ = —I'wDyacty + oy {a[R] wkarkas + Dy (kas +Kas)]
+ ko Dy} + korkayon™;
b3 = k(=1 wDy’a0y + oy a[ " wkarkas + Dy (Kay +Kas)]
+ IokyzD1} + kaskara™®);
Py = ka[l' Dy (kay +kap) — 0t~ (Kaskaz + Kaskar) 1
§1,4 = — Doty [kay (6104 Dyl 5) —k a0y
+atn 3 [karkaz(610+ Dyota?ly 5)
—kaskay (630+ D12nL3,0) 15
N1,i = kI kgt ™2[Kay (610 + Dyotn®ly 5) —Ka100] 5
2,8 = —k{' D10ty [Kas(C20+ D100, 4) —kas00]
+ 0tn 3 [karkas (6r0+ Dyn®l 4)
—Fkas a1(C20+ D102l5,0)1} 5
D2t = kI wakin102[Kas (a0 + D10tn?ly,4) —Kaz00],

where I,; and I,, are the values® at p=—D,«,2.
The amounts of the solute in Phase 1 and Phase 2
per unit of area of the interface are represented as:

0
Q. = f s = kagkarad

+ 2 3 [D] 6% sin (aza) + 7%, cos(kany) oy
n=1
X sin (ao,) exp (— Do, %) (20)
Q.= f “otyds = kukepad
0

+ 2 53 (DT (€% sin (az,) + 7% cos (az)](kxa)

1> Ca, and 0,, have only simple poles at p=0

and p=-—D,u,? where *a, (m=I1, 2, ) are the

roots (generally complex) of
[4, sin (ax) + b, cos (ax)] sin (kax)
+ [b; sin (ax) 4+ b4 cos (ax)] cos (kax) = 0,
where: b = Dy(["wDio® —kay—kas) 3
by = —kar (' Dy —kgpa?) ;
by = —kkay(I' e Dyo—kgyor™?) ;
by = kI wkorkos.

Inversion to the original functions gives:

Il

o8 = kugkard + 2 33 IDT 6y, 5in (kace)

71,4 cos (Kazn)] cos [(a+x)an] exp (— Dyory?);
Ca,t = karkas A + 2 Zl[DI]—l[éz,i sin (ax,)

113 €05 (a%a)] cos [E(a—#)en] exp (— Dyta);
0.6 = hukud — 2™ 3 D[y sin (kazs)

+9y,¢ cos (kaxy,)] sin (ax,) + [, sin (ax,)
+9,, cos (ax,)]k! sin(kaoy) } exp (—Dyan%t);

A = [a(karkas+Kaskar) + [eokarkas] ™ [a(cio+c20) +1 0);

D’ = [¢, sin (aet,) + ¢, cos (axy)] sin (kax,)

=+ [@3sin (axn) + P4 cos (axy)] cos (kaxy);
$1= —I"wD; [2D;+a(kay +5% 05)]

+ acy~2(karkas +K*kaokar) 5

@1)

where the superscript * indicates the convergence
value.

X sin (kae,) exp (— D,a,%),

(16)
Remarks on the Application

Figures 1 and 2 show the time-dependences of the
transfer amount of the solute and of the coverage of
the interface giving hypothetical values to the para-
meters in Eqgs. (21) and (19). Sample 1 corresponds
to the case of less interfacial resistance (4F=*,;~4 kcal/
mol), and Samples 2 and 3, to the cases of a distinct
interfacial resistance (4F*,,~16 kcal/mol), where
AF*,, is the activation free energy of desorption from
interface into the ith phase.” The dotted curve
gives the relation obtained by the usual equation of
the semi-infinite composite medium. The equilibrium
transfer-amount is computed to be 1.5 x 10-% mol/cm2.

The values of the rate constants of adsorption and
desorption are given by the following equations:?

(17)

(18)

koo = 15 exp (— AP~/ RT);

19 T
U k= r e (CarviRT);

i=1 and 2, where 1; (~10A4) is the length of the
adsorption path from the boundary site of phase ¢
to the interface; AF*,, is the activation free energy of
adsorption from phase ¢ to the interface; k is the Boltz-
mann constant; k& is the Planck constant; R is the
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gas constant, and 7T (~300K) is the absolute tem-
perature.

The procedure of calculation is as follows.

Assign definite values to k, Dy, I'w, a, k., £k,
kq1, and kg, in Eq. (16), and find the positions of the
pole on the plane of the complex variable, p. Al-
though the roots of Eq. (16), «, (m=l, 2, ), are
generally complex, they are real in our case.

Assign the values to £, Dy, I'w, a, k,y, kuss ka1
Kyos €105 €205 0oy and a;’s (<20 suffices for convergence
in our case if t>1s) in Egs. (21) and (19), and com-
pute the amount of the solute in Phase 2, Q,, and
the coverage, 0, as functions of the time, . In our
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Fig. 1. Time dependences of the transfer amount.
Sample 1 2 3
E o [=] 1 1 1
D, [cm2/s] 10-5 10-8 10-5
I'w [mol/cm?] 7x10-10  7x10-10 7x10-10
a [em] 3 3 3
ky;  [mol/(cm?)s] 1 10-° 5%x10-°
ks,  [mol/(cm?)s] 1 5x10-2 10-°®
kyy  [cm/s] 10¢ 10-3 5x10-3
kyy  [cm/s] 104 5x10-% 10-%
Cy [mol/cm?3] 10-¢ 10-¢ 10-¢
Cy  [mol/cm?] 0 0 0
6%  [—1 0 0 0
7 x\
2, 6} \%\mf’le 3 —
';( 5 Sample 1 e
@ 55‘\\9‘6 2
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Time x 10-¢ (s)

Fig. 2. Time dependences of the coverage of interface.
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case, 0~0.005<1, and the Q, and the 6 were com-
puted approximately by means of the zero pertur-
bation (see Egs. (4) and (5)).

The curves of Samples 2 and 3 are distinctly below
the curve of Sample 1 in Fig. 1, suggesting the possibility
of the determination of the interfacial resistances (of
this magnitude) by experimental observations of the
time-dependence of the transfer amount.

The curves of Samples 2 and 3 are degenerate to
a single curve in Fig. 1, indicating the impossibility
of the determination of k4 and £4,® separately by
the same experiment.

On the contrary, the curves of Samples 2 and 3 are
greatly separated from each other, and the signs of
the tangent differ in a short time in Fig. 2, suggesting
the possibility of the determination of the rate-con-
trolling step of desorption by an observation of the
interfacial tensions for early stages.

On reflection, the manipulative disturbance on
bringing two layers into contact for a transfer experi-
ment may not strictly be avoidable; also, a spontane-
ous turbulence® is likely to occur near the touching
time of two layers. These disturbances may generally
accelerate the transfer of the solute. We must con-
sider the effect of these disturbances on the analysis
of the experimental data.

Suppose that an abnormally swift transfer ceases by
t=At, and that the final condition of concentration
is approximately given by ¢;=c'j,—a<x<0, t=4t¢;
Co=C"9q, 0<x<a, t=At; 0=0'y, x=0, t=A4t, where
¢'100 €'a0, @and 6’y are constants.

Let the origin of time be transferred to ¢t=4¢, so
that Eq. (21) is applicable.

The rate-controlling step of desorption may be
conventionally set up on the side of second phase
(for example), by virtue of the exchangeability of the
values of k;; and kg5; when k,, is sufficiently greater
than gy, ¢30=0"10(¢'50), and 6'4=0'9(¢'s)-

Consequently we may obtain approximate values of
ks (=1 or 2), evaluated under the name of k4 in
Eq. (21), and ¢’y by means of experimental determina-
tions of the transfer amount through an interface at
each contact time ¢(>4t). The following results of
computation show the extent of approximation: k4=
5x 10~ mol/ cm?s, k;3=0.999 X 10~? mol/ cm?s, ¢'py=
1.001 X 10-7 mol/cm3; k,;=1 mol/ cm?s, k;=0.833x%
10~ mol/ cm?s, ¢'5=1.001x10-7 mol/cm?® (k=(D,/
D,)2=1, D;=10"% cm?[s, I'w=7 % 10~1% mol/cm?, a=
3 cm, K,=k, /ks;=10% cm3/mol, K,=k,,/k,;=10% cm3/
mol, ¢;,=10"%mol/cm3, ¢,;=0,=0, ¢(1)=5%x10%s,
t(2)=105s, Q,(1)=1.080x10-8mol/cm?, Q,(2)=
5.825 % 10-7 mol/cm?).

The author is indebted to Professors Hikoji Inazumi
and Tadao Shiba of this Institute for their helpful
discussions concerning this subject.
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